We study the Higgs sectors of supersymmetric standard models with arbitrary number of Higgs singlets, where CP violation is assumed to occur explicitly through radiative corrections. Taking into account the radiative corrections due to the quarks and squarks of the third generation, the absolute upper bound on the lightest neutral Higgs boson mass is calculated in these models at the one-loop level. In the context of explicit CP violation, the cross sections for production of neutral Higgs bosons in high-energy e + e − collisions are calculated via the Higgsstrahlung process.
I. Introduction
For supersymmetric models to be phenomenologically realistic, soft supersymmetry (SUSY) breaking terms should be introduced as essential ingredients to construct the full Lagrangian density [1] . Phenomenological analyses of supersymmetric models might become more complicated if the soft SUSY breaking terms contain complex phases. The presence of the complex phases may give rise to an interesting phenomenology like CP mixing in the Higgs sector of the supersymmetric extension of the standard model. The simplest version of supersymmetric standard model is the minimal supersymmetric standard model (MSSM), which has no Higgs singlet. Nevertheless, at the one-loop level in the MSSM, complex phases in the soft SUSY breaking terms induce explicit CP mixing between the scalar and pseudoscalar Higgs bosons in the neutral Higgs sector [2] .
The next-to-MSSM, which has one additional Higgs singlet, and thus might be referred to as the (M+1)SSM, has been investigated through many researches [3] . One of its advantage over the MSSM is that it can dynamically solve the dimensional µ-parameter problem in the MSSM by means of the vacuum expectation value (VEV) of the Higgs singlet. In the (M+1)SSM, there might be at most only one nontrivial CP phase after redefining the Higgs fields at the tree level. The effects of explicit CP violation in the (M+1)SSM on the neutral and charged Higgs boson masses have been investigated at the one-loop level by considering radiative corrections due to various particles and their superpartners [4] . Recently, the viability of spontaneous CP violation in the Higgs sector of the (M+2)SSM, which has two Higgs singlets, has been studied [5] . It has been found that at the tree level spontaneous CP violation might occur in the Higgs sector of the (M+2)SSM.
In principle, the number of Higgs singlets is not restricted when the standard model is embedded in SUSY [6, 7] . One might add any number of Higgs singlets to enlarge the Higgs sector of supersymmetric standard models. It is then worthwhile going further to investigate this kind of phenomenological behavior in the extended supersymmetric standard models by adding more Higgs singlets. Let us denote the extended supersymmetric standard models with n Higgs singlets as the (M+n)SSM.
In this article, we study the Higgs sector of the (M+n)SSM within the context of explicit CP violation scenario at the one-loop level. We assume that at the tree level the Higgs potential of the (M+n)SSM has no complex phase, by taking the VEVs of the neutral Higgs fields as well as the relevant parameters in the tree-level Higgs potential as real. CP symmetry may then be violated at the one-loop level in an explicit way as radiative corrections are taken into account. For radiative corrections, we consider only the contributions from the third generation of quarks and squarks. We obtain the upper bound on the lightest neutral Higgs boson mass in the (M+n)SSM for given n, by varying all the relevant parameters within reasonable ranges. It depends on n: It is found to increase as n grows up to 10, but does not exceed 220 GeV for larger n. This maximum value of the upper bound is constrained by the condition that the squared masses of squarks be positive. Thus, productions of the lightest neutral Higgs boson in the (M+n)SSM are kinematically allowed at future e + e − linear colliders. We investigate prospects for discovering the neutral Higgs bosons of the (M+n)SSM at the future e + e − linear colliders. The minimum cross section for producing any one of the neutral Higgs bosons of the (M+n)SSM in e + e − collisions via Higgsstrahlung process is found to decrease as n increases.
This article is organized as follows. In the next section, we describe the Higgs potential of the (M+n)SSM and calculate the masses of the neutral Higgs bosons in explicit CP violation scenario at the one-loop level. We then calculate the production cross section of the neutral Higgs bosons via the Higgsstrahlung process in the future e + e − linear colliders. Conclusions are presented in the last section.
II. The Higgs sector
The Higgs sector of the (M+n)SSM contains two Higgs doublet superfields
, as any other supersymmetric extensions of the standard model, besides n neutral Higgs singlet superfields N l (l = 1 to n). In terms of these Higgs superfields, the most general form of the superpotential of the (M+n)SSM may be written as
where λ i and k ijl (i, j, l = 1, to n) are dimensionless coupling constants, and ǫ is the usual antisymmetric 2 × 2 matrix with ǫ 12 = −ǫ 21 = 1. Here, for simplicity, only Yukawa couplings for the third generation are taken into account: The SU (2) 
consists of the left-handed quark superfields and the SU(2) singlets t c R and b c R are the charge conjugate of the right-handed quark superfields of the third generation, and h t and h b are the top and bottom Yukawa coupling constants, respectively.
At the tree level the relevant Higgs potential of the (M+n)SSM consist of D terms, F terms, and soft terms as
with
where g 1 and g 2 are the U(1) and SU(2) gauge coupling constants, respectively, andσ = (σ 1 , σ 2 , σ 3 ) are the Pauli matrices. In V S , m H 1 , m H 2 and m N i (i = 1 to n) are the soft SUSY breaking masses, and A λ i and A k ijl (i, j, l = 1 to n) are the trilinear soft SUSY breaking parameters with mass dimension. The Higgs sector of the (M+n)SSM has 2n+8 real degrees of freedom coming from two Higgs doublets and n Higgs singlets. After the spontaneous breaking of electroweak symmetry takes place, three of the 2n+8 degrees of freedom become Goldstone bosons: A neutral one and a pair of charged ones. The remaining 2n+5 degrees of freedom correspond to 2n+3 neutral Higgs bosons and a pair of the charged Higgs bosons, since all the Higgs singlet superfields are neutral.
In terms of the Higgs fields, the Higgs doublets and the n Higgs singlets may be expressed as
where h l (l = 1 to 2n+3) are the neutral Higgs fields and C + is the charged Higgs field, and v 1 , v 2 , x j (j = 1 to n) are the VEVs respectively of H 1 , H 2 , N j (j = 1 to n). With the above form for the Higgs doublets, one may take the constraints of
GeV. Note that tan β is given by the ratio of the VEVs of the two Higgs doublets,
It is well known that in supersymmetric models the tree-level Higgs sector is significantly affected by radiative corrections. The total Higgs potential at the one-loop level is given by
where V 1 represents the one-loop corrections. The effective potential method allows us to obtain
where M 2 q l (l = 1 to 4) and M 2 q (q = b, t) are respectively the field-dependent squark and quark masses for the third generation, and Λ is the renormalization scale in the modified minimal subtraction (MS) scheme.
Note in the above one-loop effective potential that the squark terms are positive whereas the quark terms are negative. Because of the relative opposite sign between the squark and the quark terms, they would exactly cancel out if masses of the quarks and their corresponding squarks are equal. Then there would be no net contribution from the radiative corrections. However, this should not be the case since no squarks corresponding to light quarks with comparable masses have been observed. Thus, it is reasonable to assume that the quarks and squarks of the third generation would also have different masses, and the radiative corrections due to them would persist. For radiative corrections, we consider here only the contributions from the loops of quarks and squarks of the third generation.
The masses of the stop and sbottom quarks are obtained by
where m Q , m T , and m B are the soft SUSY breaking masses, m t = h t v 2 and m b = h b v 1 are respectively the top and bottom quark masses after the electroweak symmetry breakdown, respectively, and the terms that represent the mixing between the two stop quarks and the mixing between the two sbottom quarks are respectively given as
with A t and A b being the trilinear soft SUSY breaking parameters with mass dimension. The two stop quarks or the two sbottom quarks would be degenerate in mass if Xt or Xb vanishes. We assume that they are not degenerate. The complex phases φ t and φ b in the above expressions would be absent if A t and A b are real. Their presence implies the CP violation at the one-loop level. It is assumed that CP symmetry is conserved at the tree level, as the VEVs of the neutral Higgs fields and the relevant parameters in V 0 are taken as real. Now, CP symmetry is allowed to be broken explicitly at the one-loop level in the Higgs sector of the (M+n)SSM, by assuming that A t and A b are complex.
In the (M+n)SSM with explicit CP violation, the masses of the 2n+3 neutral Higgs bosons are given by the eigenvalues of a (2n+3)× (2n+3) mass matrix that is obtained by the second derivatives of V with respect to the neutral Higgs fields h l (l = 1 to 2n+3). We may denote the elements of the symmetric mass matrix for the neutral Higgs bosons as M 2 ij (i, j = 1 to 2n+3) in the basis of (
If CP is conserved at the tree level and is broken explicitly at the one-loop level in the (M+n)SSM, there are non-trivial CP-odd tadpole minimum conditions for the neutral imaginary parts of H 1 , H 2 , and N j (j = 1 to n), namely, h 3 and h (2j+3) (j = 1 to n). Thus, There are altogether n+1 CP-odd tadpole minimum conditions in the (M+n)SSM, which read
for h 3 , and
for h 2j+3 (j = 1 to n), where the scale-dependent function f is given by
As can be seen from the structure of the above equations, the n+1 CP-odd tadpole minimum conditions may be reduced into only one equation, namely,
The soft SUSY breaking masses m 2
, and m 2 N l (l = 1 to n) are eliminated by n+2 minimum conditions. Employing these minimum conditions, one can obtain the squared masses for the neutral Higgs bosons m 2 h l (l = 1 to 2n+3) by diagonalizing the (2n+3)×(2n+3) matrix M 2 ij . From the diagonalized mass matrix, we sort the eigenvalues, which are the squared masses of the 2n+3 neutral Higgs bosons, in the increasing order by rearranging the neutral Higgs fields. Thus, it is implicitly assumed from now on that h 1 is not the neutral real component of H 
where
λ l x l cot β ,
and the scale-independent function g is given by
It can be observed that m 2 h 1 depends on λ l (l = 1 to n). As λ l increases, m 2 h 1 also increases. In order to obtain m h 1 ,max , we use two inequalities,
Substituting n l=1 λ l by λ and n l=1 x l by x in the above formula, it looks exactly the same as the corresponding formula for the upper bound on the lightest Higgs boson mass in the (M+1)SSM, where λ and x are respectively the dimensionless coupling constant and the VEV of the Higgs singlet in the (M+1)SSM. To obtain the numerical value for the upper bound on the lightest neutral Higgs boson mass, one has to vary the values of λ l and x l (l = 1 to n) as well as other relevant parameter values. We take the ranges of the parameters as 2 ≤ tan β ≤ 40, 0 < λ l ≤ 0.7, 0 < x l , m Q (= m T = m B ), A t (= A b ) ≤ 1000 GeV, and 0 < φ t , φ b < 2π. We choose randomly 10 6 points in the region of the parameter space defined above. We select the lightest neutral Higgs boson mass as valid one if two conditions mq 1 > m t = 175 GeV and mq 2 = mq 1 (q = t, b) are satisfied. The first condition is physically justified because it makes the upper bound more restrictive; and the second condition is required for numerical stability. In this way, we obtain the upper bound on the mass of the lightest neutral Higgs boson in the (M+n)SSM for given n, which is an absolute upper bound in the sense that we search the whole meaningful parameter space. Figure 1 shows the absolute upper bound on m h 1 against the number of Higgs singlets, n. As n increases, the absolute upper bound on m h 1 increases. However, it does not grow indefinitely. It cannot exceed about 220 GeV. This limit on the absolute upper bound on m h 1 is actually set by the condition that the squared masses of the squarks should be positive, which are given by Eq. 4. From Eq. 4, it is clear that Xq (q =t or b) may not have arbitrarily large value in order to ensure that mt 1 or mb 1 are positive. Since the maximum value of m Q (m T = m B ) is SUSY breaking scale (∼ 1000 GeV), Xq (q =t or b) must be smaller than (1000 GeV) 2 . Otherwise, the electroweak symmetry breaking would not occur. Moreover, we already assume that the lighter squark masses are larger than top quark mass. Thus, the universal upper bound on m h 1 in the (M+n)SSM for arbitrary number of Higgs singlets is 220 GeV. . Let O be the (2n+3)×(2n+3) orthogonal matrix which diagonalizes the neutral Higgs boson mass matrix. In terms of its elements, we introduce R j such that R j = O j1 cos β + O j2 sin β. R j satisfy a kind of orthogonality condition, namely, 
, for j = 2 to 2n+3. In the (M+n)SSM the coupling of a Higgs boson to a pair of neutral gauge bosons, ZZh i , would become smaller if additional Higgs singlets be introduced, because the dimension of the neutral Higgs boson mass matrix would increase by two per each Higgs singlet. The LEP2 data do not exclude a very light neutral scalar Higgs boson in the (M+1)SSM with CP conservation in its Higgs sector. By allowing the explicit CP violation in the Higgs sector of the (M+1)SSM, a very light neutral scalar Higgs boson becomes more likely. Similarly, the Higgs searches at LEP2 also allow a very light neutral Higgs boson in the (M+n)SSM. In fact, it was addressed that the minimal cross section via Higgsstrahlung process gets smaller if more Higgs singlets are added to the model (a large number of singlets is predicted in some string models) or if there is CP violation with mixing of scalar and pseudoscalar Higgs bosons [7] . Now, let us consider the possibility of discovering any one of the neutral Higgs bosons in the (M+n)SSM at future e + e − colliders. We calculate the production cross sections of the neutral Higgs bosons via the Higgsstrahlung process in e + e − collisions. For the center of mass energy, we take √ s = 500 GeV (LC500), 1000 GeV (LC1000), and 2000 GeV (LC2000) at future e + e − linear colliders. Whether or not h l can be produced via the Higgsstrahlung process e + e − → Zh l with real Z is determined by the threshold energy of E T = m Z + h l . For e + e − colliders with √ s = 500, 1000, and 2000 GeV, h 1 production is kinematically allowed since m h 1 < 220 GeV. If the production cross section of h 1 via the Higgsstrahlung is small, one should then examine whether any of the other h l (l = 2 to 2n+3) has a large enough production cross section to be detected. Let σ SM (m) be the production cross section for a Higgs boson of mass m in the SM via the Higgsstrahlung process at a given center of mass energy. Then, in the (M+n)SSM, the production cross sections σ j (j = 1 to 2n+3) for the j-th neutral Higgs boson via the Higgsstrhlung process at a given center of mass energy is given by
for j = 1 to 2n+3. The cross section for the heaviest Higgs boson may also be written as
For given m h j and R j (j = 1 to 2n+3), σ j (m h j ) satisfy
and so on, because the production cross section via Higgsstrahlung decreases as the Higgs boson mass increases. The minimum values σ j,min (j = 1 to 2n+3) depend on m h 1 ,max and R j (j = 1 to 2n+3) such that
and so on. These minimum values σ j,min (j = 1 to 2n+3) for given m h j and R j (j = 1 to 2n+3) tell us that which one of the 2n+3 Higgs bosons is most probable to be produced. Now, for given m h 1 ,max ∼ 148 − 220 GeV, we vary R 2 j (j = 1 to 2n+3) between 0 and 1 randomly, with the constraint of (2n+3) j=1 R 2 j = 1, in order to obtain σ j,min (j = 1 to 2n+3). This job is equivalent to exploring the whole parameter space of the (M+n)SSM. Actually, we take a value of R 2 1 from 0 to 1, and randomly generate R 2 j (j = 2 to 2n+3) for each R 1 by Monte Carlo method. Among them, we select the largest one, and denote it as
This value implies that at least one of the Higgs bosons may have the production cross section via Higgsstrahlung process that is larger than this one. If we select on the other hand the smallest of σ j,min (j = 1 to 2n+3) and denote it as σ min (R 2 1 ), any one of the Higgs bosons would have the production cross section via Higgsstrahlung process that is larger than this one.
First, we set n = 1, namely we work in the (M+1)SSM, where only one Higgs singlet is introduced with explicit CP violation. We plot σ max (R 2 1 ) as a function of R 2 1 , for √ s = 500 (LC500), 1000 (LC1000), 2000 (LC2000) GeV, in Fig. 2 . This is to check the consistency of our analysis with previous works in the (M+1)SSM. It can be seen in Fig. 2 that the minimum of σ max (R 2 1 ) in (M+1)SSM occurs for R 2 1 somewhere between 0 and 1, for given center of mass energy. Let us denote it as σ 0 . We find that σ 0 ∼ 9 fb for LC500, σ 0 ∼ 2.4 fb for LC1000, and σ 0 ∼ 0.6 fb for LC2000. These minimum numbers suggest that in order to detect at least one of the five neutral Higgs bosons in the (M+1)SSM the integrated luminosity for 50 events would be required to be about 11.1 fb −1 for LC500, about 40 fb −1 for LC1000, and about 166 fb −1 for LC2000 under the assumption of the efficiency of 50 %. Now, we change n and repeat our analysis. For each n, we obtain σ 0 for √ s = 500, 1000, and 2000 GeV, where R 2 j (j = 1 to 2n + 2) are taken randomly between 0 and 1. Our result is shown in Fig. 3a , where σ 0 is plotted against n, for √ s = 500, 1000, and 2000 GeV. We see that σ 0 decreases monotonically as n increases: This is because the coupling coefficient of the Higgs bosons to the Z boson pair, at the ZZh j vertex, decreases as n increases. In Fig. 3b , we plot the integrated luminosity for 50 events of Higgs production against n in the unit of fb −1 in the future linear electro-positron collider with √ s = 500, 1000, and 2000 GeV. The present analysis may be compared with the previous analysis of the (M+1)SSM. Our results coincide well with the case of the (M+1)SSM, when we take n = 1.
III. Conclusions
We consider non-minimal supersymmetric standard models with n Higgs singlets, the (M+n)SSM, assuming the explicit CP violation in their Higgs sector. The CP violation is induced by the mixing between scalar and pseudoscalar Higgs bosons from the radiative corrections. For the radiative corrections, we take the one-loop radiative corrections of the quarks and squarks of the third generation to the lightest neutral Higgs boson mass in the (M+n)SSM. The upper bound on the mass of the lightest neutral Higgs boson in the (M+n)SSM depends on n. Its maximum value is obtained when n = 10, where it is about 220 GeV. We investigate the possibility of discovering any one of the 2n+3 Higgs bosons in the future linear electron-positron colliders in this situation. We first calculate the cross sections for the Higgs production via the Higgsstrahlung in e + e − collisions for √ s = 500, 1000, and 2000 GeV. For a Higgs boson, we evaluate its production cross section by randomly taking R j , and determine the minimum value. Compare it with the minimum value of the production cross section of other Higgs bosons, we choose the Higgs boson whose minimum value of the production cross section is the largest. If at least one Higgs boson of the (M+n)SSM be discovered in the future linear electron-positron collider, this is the one.
The minimum value of the production cross section of this Higgs boson is analyzed in detail. This number, which we denote as σ 0 , provides us a clue on the discovery limit of at least one Higgs boson of the (M+n)SSM in the future linear electron-positron collider. As n increases, we find that σ 0 decreases monotonically. In the e + e − collisions at √ s = 2000 GeV, σ 0 is as low as about 0.0784 fb for n = 15. This in turn requires the integrated luminosity of about 1084 fb −1 to detect 50 events of the Higgs production via the Higgsstrahlung process, for n = 15. GeV. This Higgs boson is chosen such that the minimum of its production cross section is larger than the minimum of the production cross section of any other Higgs boson in the model. Fig. 3 (a) : The plot of σ 0 , which is defined in the text, against n for the future e + e − collisions with √ s = 500, 1000, and 2000 GeV. GeV. This Higgs boson is chosen such that the minimum of its production cross section is larger than the minimum of the production cross section of any other Higgs boson in the model. The plot of the required integrated luminosity for 50 events against n for the future e + e − collisions with √ s = 500, 1000, and 2000 GeV.
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